ABSTRACT This paper presents the modified quadrature rules for 1-D hypersingular integrals, and then constructs the quadrature formulas to numerically evaluate multi-dimensional hypersingular integrals in the form of f .p.
I. INTRODUCTION
It is well known that hypersingular integrals arise in diverse engineering problems and mathematical applications, for example, the boundary element fracture analysis problem, elasticity problems [1] - [4] . Specially, MHSI with the product type appear in the multiple Stratonovich-type integrals with respect to the fractional Brownian motion with Hurst parameter H < 1/2 in [5] , and are mostly used in fluid dynamics and aerodynamics problems [6] . In recent years, a great number of studies about the numerical solutions for one-dimensional hypersingular integrals have been widely carried out, such as Gauss quadrature method [7] , sigmoidal transformation method [8] , accuracy optimal method [9] , Newton-Cotes method [10] - [14] , unified method [15] , spline quadrature method [16] . In addition, the quadrature rules were constructed to approximate one-dimensional hypersingular integrals and the corresponding error asymptotic expansions were constructed in [17] and [18] . As shown in [19] , the Euler-Maclaurin asymptotic expansions of hypersingular integrals with an arbitrary singular point and an arbitrary singular order were presented. In [20] , the error asymptotic expansions of multi-dimensional weakly singular integral of product type has been investigated. However, the investigations of numerical quadrature rules for MHSI and the corresponding error asymptotic expansions are still facing challenges.
In what follows we consider the MHSI in the form
where 0 < γ i ≤ 1, t i ∈ (a i , b i ), x = (x 1 , · · · , x s ), t = Due to the singularity of (1), the standard numerical integration methods require a relatively expensive computation and lead to inaccurate results. Lyness and Monegato [21] investigated the Euler-Maclaurin expansions of twodimensional hypersingular integrals by neutralizer function. Applying the known asymptotic expansions to hypersingular integrals reduced the computational cost substantially and also increased the accuracy order. However, their work was restricted to two-dimensional problems and the hypersin-gular integral with origin singularity in [21] . Additionally, Lyness and Monegato [21] studied the Euler-Maclaurin expansions with the equal step lengths in all directions for hypersingular integrals and utilized the extrapolation method to improve the accuracy. Regular extrapolation methods [22] , [23] can significantly improve the accuracy. However, it requires high regularity on the whole problem domain, which does not hold in practice. The splitting extrapolation method only requires piecewise regularity and least computational costs. Efficient and accurate parallel algorithm can be derived with appropriate selection of the multiple step size parameters, which depend on the piecewise regularity, singularity and the problem size. Thus, the splitting extrapolation method has been presented and used in different kinds of problems, including multi-dimensional integrals [24] , [25] , finite element methods [26] - [30] , finite difference methods [31] , and boundary element methods [32] - [34] . To improve the accuracy of a numerical method based on the multiple step size parameters, a splitting extrapolation algorithm can be developed. Nevertheless, one of the critical steps in developing the splitting extrapolation algorithm is to construct the multi-parameter asymptotic error expansion for the numerical method.
In this paper, we present the modified quadrature rules for one-dimensional hypersingular integrals using the known mid-rectangular quadrature rule, and the accuracy order of the proposed quadrature rules are improved to O(h 1+γ ) with 0 < γ ≤ 1. Using the modified quadrature rules together with the corresponding Euler-Maclaurin expansions of onedimensional hypersingular integrals, we construct the numerical cubature formulas and obtain the corresponding explicit expressions of multi-parameter Euler-Maclaurin expansions for MHSI under three different circumstances in terms of iterative method. Based on the Euler-Maclaurin expansions with errors for MHSI, the splitting extrapolation algorithm is proposed to obtain the high precision approximate value. The asymptotic error expansions can be considered as a basis for the numerical evaluation of MHSI by the splitting extrapolation. This method is featured in a simple program, and there is not need to compute any integral for the quadrature weights. Furthermore, the proposed quadrature formulas only involve the values of g(x) rather than its derivatives.
The rest of this paper is organized as follows. In Section II, we derive the quadrature rules and their error expansions for (1) . To improve the accuracy order of the proposed quadrature rules, the splitting extrapolation algorithms are proposed in Section III. To demonstrate the effectiveness of the proposed method, we will show numerical results of several tests in Section IV. Finally, some conclusions are drawn in Section V.
II. EULER-MACLAURIN EXPANSIONS AND APPROXIMATION FORMULAS FOR MHSI
Firstly, we review the results of one-dimensional hypersingular integrals regarding to the asymptotic expansions with errors, and provide the modified quadrature formulas and the corresponding Euler-Maclaurin asymptotic expansions for two different situations, which are useful in the following study. Since the hypersingular integrals are non-integrable in conventional sense, therefore the following hyersingular integrals are interpreted as Hadamard finite-part integrals.
Lemma 1 ( [18] , [19] ) Assume that N is a positive inte-
/|x − t| 1+γ , 0 < γ ≤ 1, and l ≥ (γ − 1)/2. The midrectangular quadrature rule can be expressed as
(i). If 0 < γ < 1, we have the following Euler-Maclaurin expansion
(ii). If γ = 1, we have the following Euler-Maclaurin expansion
Here B 2k (x) is the Bernoulli polynomial of 2k order, and ζ (p, x) is the standard Riemann zeta function with x ∈ (0, 1], p > 1.
Considering the terms h −γ g(t) in (3) and h −1 g(t) in (4), if g(t) = 0, the accuracy of mid-rectangular rule (2) is negative order. So the quadrature formula is not convergent. Therefore, a more accurate quadrature rule is required. Since the expansions are known, the divergent terms h −γ g(t) and h −1 g(t) can be eliminated by the Richardsons h −γ -extrapolation and h −1 -extrapolation, respectively. The modified quadratures will possess the 1 + γ order of accuracy.
Corollary 2 Let the assumptions of Lemma 1 be satisfied and
(i). If 0 < γ < 1, the error expansion can be expressed as
(ii). If γ = 1, the error expansion can be expressed as
It should be noted that B 2k (x) and ζ (p, x) are same as the above mentioned. Proof: Corollary establishes directly from Lemma 1.
Remark 1:
In Lemma 1 and Corollary 2, the presented derivation of quadratures requires the singular point be one of the equally spaced abscissas. In practice, the efficiency of numerical integrals can be improved by the adaptive mesh method. (5) is utilized on a small interval that contains t and let t be one of the nodes for the quadrature, while the adaptive Simpson's rule is used on the rest intervals. Since asymptotic error estimates are known, it is easy to match errors on both intervals. The main purpose of this study is to develop a numerical method for computing hypersingular integrals at the fixed singular point. We only consider the singular point to be one of the equally spaced abscissas in the following.
To define the Hadamard finite-part integral for the MHSI, we introduce the following definition of class
where
Based on the definitions of multidimensional Cauchy integral of product type [6] and one-dimensional Hadamard finite-part integral [17] , [35] , we provide the definition of multi-dimensional Hadamard finite-part integral from the limit point of view. 
Definition 4 Let
where 1 , · · · , s tend to zero independently, then we will denote limit (9) by integral (1) and refer to it as a Hadamard finitepart integral with 0 < γ i ≤ 1.
According to the four arithmetic operations of limit, the hypersingular operator defined in (9) is a linear operator. The conditions for the existence of Hadamard finite-part integral (1) are provided in the following theorem.
Theorem 5 Let g(x) ∈ H 1 (µ 1 , · · · , µ s ), then the Hadamard finite part value of integral (1) exists for all t ∈ . Proof. Firstly, we choose g(x) = 1, it is easy to verify that
by the induction method. When s = 2, we get * 2
26854 VOLUME 5, 2017
holds. When s = n + 1, we obtain * n+1
Based on the above assumption, we get * n+1
Therefore, the assumption * s
holds for s ≥ 2, s ∈ Z, and we derive
Then we discuss the general case g(x) = 1, it follows that
Due to 0 < γ i ≤ 1 and g(x) ∈ H 1 (µ 1 , · · · , µ s ), the first integral on the right-hand side of (11) exists. Additionally, the second integral on the right-hand side of (11) exists based on (10). If 0 < γ j < 1, the third integral on the right-hand side of (11) can be reduced to s − 1 dimensional
hypersingular integral of the form (10) . If γ j = 1, the third integral on the right-hand side of (11) can be reduced to one dimensional Cauchy integral together with s − 1 dimensional hypersingular integral of the form (10) . From [6] , the third integral on the right-hand side of (11) exists. Thus, the proof of this theorem is completed.
A. EULER-MACLAURIN EXPANSIONS AND APPROXIMATE FORMULAS FOR TWO-DIMENSIONAL HYPERSINGULAR INTEGRALS
In this section, we first construct the high accuracy quadrature formula to evaluate integral (1) with s = 2 by the modified quadrature rule (5) . The case of s > 2 will be investigated in the next subsection. The explicit expression of the multiparameter asymptotic expansions with errors will be derived through the inductive method. The main idea is that integral (1) is regarded as an iterative integral, and integral (1) can be reduced to a one-dimensional hypersingular integral together with another one-dimensional regular integral, so that (5)- (7) can be directly applied. Let
are the fixed arguments. Firstly, we consider two-dimensional case of (1), i.e., s = 2 with the following three cases. On the basis of Corollary 2, the following multiparameter asymptotic expansions with errors of integral (1) with s = 2 are obtained.
(i). If γ 1 = γ 2 = 1, we have the following Euler-Maclaurin expansion
(ii). If 0 < γ 1 < 1, γ 2 = 1, we have the following Euler-Maclaurin expansion
we have the following Euler-Maclaurin expansion
where h 0 = max{h 1 , h 2 }, γ 0 = max{γ 1 , γ 2 }, and (1) can be written as
Using the result of case (ii) in Corollary 2 and equality (16) , it follows that
Next, we compute the values of u 1i , i = 1, 2, 3 in (17) . Firstly, with the help of Corollary 2, we obtain that
)]
and
with
where 1 , a 2 ) . Then u 12 can be expressed as
In addition,
From (16)- (23), the proof of (13) is completed.
(ii). If 0 < γ 1 < 1, γ 2 = 1, we derive that
Based on the result of case (ii) in Corollary 2, we get
Analogously, we utilize the result of case (i) in Corollary 2 for u 21 , and then VOLUME 5, 2017 it is easy to see that
And u 212 can be written as
Furthermore, we have u 22 (iii). If 0 < γ 1 < 1, 0 < γ 2 < 1, the proof process of this case is similar to the above two cases.
B. EULER-MACLAURIN EXPANSIONS AND APPROXIMATION FORMULAS FOR MHSI
Based on Theorem 6 and mathematical induction method, we build quadrature formula (32) for MHSI and derive the corresponding multi-parameter asymptotic expansions with errors in the following three different cases.
the quadrature formula can be written as
wherẽ
andQ(
2 ) denotes the quadrature rule when the mesh lengths of the i j -th (j = 1, · · · , p) variables are not refined, and the rest are refined. (i). If γ i = 1 (i = 1, · · · , s), the multi-parameter asymptotic error expansion is derived as follows:
, the multi-parameter asymptotic error expansion is obtained as follows:
, the multi-parameter asymptotic error expansion is gained as follows:
Proof. (i). For the case (i), we know that (32) and (34) hold for s = 2 in accordance with the case (i) of Theorem 6. Assume that the corresponding asymptotic expansion with error is obtained for s − 1 dimensional hypersingular integral. Now we prove that the corresponding Euler-Maclaurin expansion for quadrature rule (32) establishes. Letx = (x 2 , · · · , x s ), γ = (γ 2 , · · · , γ s ), we consider
which is s − 1 dimensional integral with parameter x 1 . From the inductive hypotheses, there exists a Ak(x 1 ) associated with x 1 such that
where Ak(x 1 ) is independent ofh = (h 2 , · · · , h s ), but depend on x 1 ,h 0 = max{h 2 , · · · , h s } and
According to the results of Corollary 2 and equalities (38)-(39), we have
Ak(x 1 )
dx 1 and I 1 is the remaining integrals on the right-hand of above equality (40) by removing I 2 . Moreover,
where B k 1 (x 2 , · · · , x s ) is a function with parameters x 2 , x 3 , · · · , x s and is independent of h 1 . Supposẽ
, then we derive the corresponding quadrature rule
According to the (41)-(43), we derive
Applying the inductive assumption to the term Qh(B k 1 ) − I (B k 1 ), and noting that
becomes
where A k is a constant independent of h 1 , · · · , h s . Combing with above I 1 with I 2 , we derive (34). The results of cases (i) and (ii) can be proved by similar technique.
Thus, the proof of this theorem is completed.
III. SPLITTING EXTRAPOLATION ALGORITHM
In this section, we will establish the following quadrature rules with the high accuracy using splitting extrapolation. As seen from the (34)-(36), Euler-Maclaurin asymptotic expansions contain the terms involving h 2k and h 2k−γ . We need to use the following different splitting extrapolation procedures for obtaining the highly accurate results.
Theorem 8 Under the assumptions of Theorem 7 and letting Q(h 1 , · · · , h s ) be defined as in (32) .
, then the K-th splitting extrapolation can be implemented by
and the error of quadrature rule Q 
where A k is a constant independent of mesh h = (h 1 , · · · , h s ), which is obtained by splitting extrapolation process (46) for (34), and h 0 = max{h 1 , · · · , h s }.
(ii). If 0 < γ i < 1 (i = 1, · · · , s), then the K-th splitting extrapolation can be carried out by
and the error of quadrature ruleQ 
, which are obtained by splitting extrapolation process (48) for (35), and
, then the K-th splitting extrapolation can be provided by
and the error of quadrature ruleQ (s)
, which are obtained by splitting extrapolation process (50) for (36), and
Proof (i). Let K = 1, replacing h 1 in (32) by h 1 /2, we have
Multiplying (52) by 2 2 and subtracting (34) , and finally dividing both sides by 2 2 − 1, we derive
Keep repeating the above step until Q
1 with i = s, we can derive the result of the first splitting extrapolation. Then repeating the process of the first splitting extrapolation, the K − th splitting extrapolation is obtained for (47).
Using the similar proof approach for the case (i), we can derive (49) and (51).
It should be noted that we only need the integer order splitting extrapolations for the case of all γ i = 1 (i = 1, · · · , s) case, however, the fractional order and integer order splitting extrapolations are required for 0 < γ i < 1 (i ∈ {1, · · · , s}). In practice, it is usually enough to use the first or second splitting extrapolation formula, and we can obtain the desired accuracy.
IV. NUMERICAL EXPERIMENTS
We show the numerical performance of the proposed algorithm used for the approximate calculation of integral (1) . In all numerical experiments, we take N i + 1 grid points in x i (i = 1, · · · , s) direction. In order to verify the theoretical error estimates, we calculate the rates of the convergence from successive, uniform and inconsistent grid refinements, respectively. In the following,
2) with j = s or j = q (1 < q < s), which represents the numerical error after using the fractional order splitting extrapolation of the K-thtime. In addition,
2) means the numerical error associated with quadrature rule (48) or (50) after applying integer order splitting extrapolation of the K-th time. The corresponding convergence orders of the numerical errors with the proposed quadrature rules between two adjacent grid refinements are denoted as r R 0 , r F K and r R K (K = 1, 2), respectively. Example 1: Calculate the hypersingular integral with the fractional order singularity
with γ 1 = 1/3, γ 2 = γ 3 = 1/2, and the exact value is
The numerical errors and accuracy orders for (54) at singular point (t 1 , t 2 , t 3 ) = (0.25, 0.25, 0.25) are listed with unequal step length and equal step length in Tables 1-2 by the proposed method, respectively. Since γ 0 = max{1/3, 1/2, 1/2} = 1/2, the accuracy order can achieve O(h 3/2 0 ) by directly using quadrature rule (32) . It is shown that the accuracy order is improved to O(h 2 0 ) by the fractional order splitting extrapolation. With the help of integer order splitting extrapolation, the rate of convergence can be promoted to O(h 4 0 ). Fig. 1 plots the absolute error curves with different values of (t 1 , t 2 , t 3 ) after twice splitting extrapolation. It is observed that the absolute errors are reduced with the subdivision of discretization meshes, while the errors decrease faster by splitting extrapolation (48) than by quadrature rule (32) . The numerical results are consistent with the theoretical investigation. Example 2: Calculate the hypersingular integral with the integer order singularity , 0.75, 15 16 The numerical errors and accuracy orders of integral (56) at the fixed singular point (t 1 , t 2 , t 3 , t 4 , t 5 , t 6 x 1 direction is utilized to remove the terms involving the h 3/2 1 , then the accuracy order is improved to O(h 2 0 ). Also the integer order splitting extrapolation speeds up the convergence. Meanwhile, the numerical errors are displayed that correspond to the quadratures (32) and (50) at different values of t in Fig. 3 . The good numerical results indicate that the proposed quadrature formulas are efficient and accurate, and match the theoretical estimates.
V. CONCLUSION
This paper focuses on the construction of the suitable product rules for MHSI with parameter of the product type, and their multi-parameter asymptotic expansions with errors are obtained in terms of the modified quadrature rules and corresponding Euler-Maclaurin asymptotic expansions of one-dimensional hypersingular integrals. On the basis of multi-parameter asymptotic expansions, the splitting extrapolation algorithm is proposed and the accuracy of the algorithms can be greatly improved. Numerical experiments are conducted to verify our theoretical results. The proposed rules are fairy straightforward to calculate MHSI, they are not requested to evaluate any weight values. In future work, we will give a study of the Euler-Maclaurin asymptotic expansions for MHSI with the type of point singularity. 
